Abstract. This pa per considers the weighted in de pendent linkage problem which is a natural extension of the independent assignment problem recently treated by M. Iri and N. Tomizawa. Given a directed graph with two specified vertex subsets VI and V2 on which matroidal structures are defined respectivcl y, an independent linkage is a set of pair wise-a rc-disjoint paths from VI to V 2 such that the set of the initial vertices (resp. terminal vertices) of those paths is an independent set on Vl·(resp. V2)' The problem is to find an optimal independent linkage, i.e., a maximum independent linkage having the smallest total weight among all maximum independent linkages, 'where a weight is given to each arc. Wc present an algorithm for finding an optimal independent linkage.
Introducti on
The independent assignment problem has recently been considered by M. Iri and N. Tomizawa [4] , where a primal-dual-type algorithm for finding an optimal independent assignment is presented. By an approach different from that adopted in [4] , a primal-type algorithm is proposed by the author [3] . Also E. L. Lawler has considered a related problem called the weighted matroid intersection problem in [5] .
In the present paper we shall consider the weighted independent linkage problem and present a primal-dual-type algorithm for finding an optimal independent linkage. Given a directed graph with two specified vertex subsets V 1 and V 2 on which matroidal structures are defined respectively, an independent linkage is a set of pairwise-arc-disjoint paths from V 1 1
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to which has the smallest total weight among all maximum independent linkages, where a weight is given to each arc.
The precise formulation of the problem will be given in Section 2.
The weighted independent linkage problem includes as a special case the independent assignment problem considered by M. Iri and N. Tomizawa [4] as well as the weighted matroid intersection problem by E. L. Lawler [5] with an obvious modification. The weighted independent linkage problem may be regarded as a kind of minimum-cost flow problem for a network with matroidal constraints on "entrances" and "exits":)
Definitions and Problem Formulation
For a finite set X and a nonempty family F of subsets of X, M(X 3 F) is called a matroid i f F satisfies Yu{x IxEX-Y and there exists a circuit containing x in Yv{x}}.
We assume a familiarity with fundamental properties of a matroid as described in [9, 10] .
Consider a directed finite graph G(V3A) with a vertex set V and an arc set A. For 
*) After having submitted the present paper, the author became aware that the weighted independent linkage problem can be further extended to a minimumcost flow problem on a network with polymatroidal constraints on its entrances and exits (cf. [6] ). This further extension will be discussed in a subsequent paper. 
to to and it will be simply called an independent linkage. A maximum independent linkage is an independent linkage containing the largest number of paths from
Moreover, let a real weight funccion lJ be defined on the arc set A.
The lJeighted independent linkage probler7 considered in the present paper is to find a maximum independent linkage ,-' which has the smallest total weight: 
an auxiliaPY graph
associated with the independent linkage L as a directed graph with a vertex set V and an arc set A. Here, the yertex set V is given by (3.1) where 8 and t are two added vertices; and the arc set A is the union of six disjoint arc sets: 
is a set of the arcs lying on L and cl. (i=1,2) Furthermore, we define a weight function w on the arc set A as follows:
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which corresponds to a, otherwise.
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We shall show fundamental theoremE, which will give a basis for obtaining a primal-dual-type algorithm for finding an optimal independent linkage.
We shall make use of the lemmas due to N. Tomizawa and M. Iri (8] .
The lemmas are cqncerned with the transformation of independent sets and play an important role in this section. In the following lemmas, L is an independent linkage.
If there is no arc in A1 such that
• pl be a subset of the arc set A2
-z--zdefined by (3.5) . If there is no arc in A2 such that
then we have 
We define a directed graph A'1 (resp. ' 1 2 ) as follows.
"there exists
with a "vertex" set 
and L" is an r-independent linkage. 
where L is the set of the arcs r on L r , ' Po the set of the arcs on P which belong to AD and :~* the set of the arcs (in A) corresponding to the arcs on P which belong to L *. 
I.
1.-a vertex in V. Proof: First, since P defined in Theorem 2 is the shortest path (consisting of the fewest arcs) and since L is the smallest-total-weight r p-independent linkages, the total weight of the arc set A' is equal to zero. Therefore, (4.39) (the total weight of L r + 
We denote by (cf. the proof of the theorem in [3] ).
Now, let us remove from CL CL) the arcs belonging to: 
and further remove from i t isolated vertices if they exist. Denote the A resultant graph by G.
A From the way of constructing the graph G, we can see that on (i) the positive degree (resp. negative degree) of vertex s (resp. t)
is larger by 1 than its negative degree (resp. positive degree); A (ii) for every vertex of G except for vertices sand t its positive degree is equal to its negative degree.
Here, the positive degree (resp. negative degree) of a vertex v is the Let us denote the path of (1) by pI
Then we have and the cycles of (2) 
Algorithm for Finding an Optimal Independent Linkage
We shall present an algorithm for finding an optimal independent linkage based on Theorems 1 -4 of the preeeeding section. Lr+l from V 1 to V 2 such that the set of the arcs lying on Lr+l is a subset of ~.
Algorithm for finding an optimal independent linkage
Set r ~ r+l and go to 1°.
4° L
is an optimal independent linkage and the algorithm terminates. respectively, given by
where {(a~~ a~) I i=l~ 2~ .
•. ~ ~1} and {(b~~ b~) I i=l~ 2~ ... ~ ~2} are, respectively, Remark 5. The auxi1airy graph GL(V,A) associated with an independent linkage L can be determined by aiL ('Vi) (i=1,2) and ~, the set of the arcs lying on L, instead of L. Therefore, if we define an auxiliary graph in this way, we do not need to find a maximal independent linkage from ~ in every step 3° but we should find it only once in step 4° for obtaining an optimal independent 1inakge. Remark 6. By a similar approach as adopted in [3] we can show a primal-type algorithm which starts from a maximum independent linkage and gives us maximum independent linkages having smaller total weights than the old ones as the computation proceeds. The modification of the algorithm presented in . [3] may be straightforward.
Remark 7. It should be noted that the existence of the arcs of (5.1) (see (3.6) and (3.7)) on the auxiliary graph GL(V,A) makes no difference in finding an optimal independent linkage by the algorithm presented above. for implementing the algorithm. However, the existence of the arcs of (5.1) is crutia1 for the primal-type algorithm touched upon in Remark 6 (cf. [3] ).
Remark 8. Though we defined a linkage in terms of pairwise-arcdisjoint paths, we can also define it as a set of pairwise-vertex-disjoin t: paths from V 1 to V 2 · An algorithm for finding an optimal independent linkage defined in terms of pairwise-vertex-disjoint paths is given by the above algorithm with a slight modification: the modification may be easily made because a set of pairwise-vertex-disjoint paths can be found by imposing a vertex capacity equal to 1 on each vertex (cf. [2] ). The author is also supported by the Sakkokai Foundation.
